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PROPERTIES OF DIFFERENTIAL OPERATORS WITH 
VANISHING COEFFICIENTS 

DANIEL JORDON 


Abstract. In this paper, we investigate the properties of linear operators 
defined on LP{Q) that are the composition of differential operators with func¬ 
tions that vanish on the boundary dfl. We focus on bounded domains D C 
with Lipshitz continuous boundary. In this setting we are able to character¬ 
ize the spectral and Fredholm properties of a large class of such operators. 
This includes operators of the form Lu = div(<I>Vu) where <1? is a matrix val¬ 
ued function that vanishes on the boundary, as well as operators of the form 
Lu = D°‘{ipu) or L = ifD°‘u for some function if G that vanishes on 

an. 


1. Introduction 

In this article we study the properties of linear operators when we allow the 
leading coefficient functions to vanish on the boundary of the domain. For example, 
the differential equation: 

(1) Lu = —div($Vu) = /, 

where / G LP{Lt), and $(a:) G ([^dxd been extensively studied when $ is uni¬ 
formly positive definite on Cl. The operator L is called uniformly elliptic. For more 
on such operators, see [31 [51 [HIHUIH] and the references therein. Less is known 
when the uniform positivity assumption on $ is relaxed. In [51 §6.6], Trudinger and 
Gilberg partially relax the condition. In particular, they assume $ G for 

some 7 G (0,1), and if xq G cAI then there exists a suitably chosen y such that 
$(a:o) • (xq — y) ^ 0. With this restriction, they establish existence and unique¬ 
ness of solutions to O- In [15], Murthy and Stampacchia studied the properties 
of weak solutions to o in the case where there exists a positive function m with 
m~^ G LP{Ll) such that 

(2) V ■ > m(x)\v\^, for a.e. x G Lt, and all v G 

Studies on the properties of solutions to Lu = /, when L is non-uniformly elliptic, 
can be found in [18112(1] , as well as [2] , and [5] , where the authors assume restrictions 
on $ that are similar to The results presented here address the Fredholm 
properties of L in the case when $ = 0 on 912, and/or when v ■ <I>(x)n > m{x)\v\ 
for some positive function m G with m~^ ^ LP{il). 

Other examples of a differential equation with vanishing coefficients arise when 
studying linear stability of solutions to non-linear PDE. The operator 

(3) Lu = {(pu)xxx + {>Lu)x + bux, 
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defined on LP{—1, 1 ) where (p{x) = acos'^{^x) and a, & G K, arose when studying 
compactly supported solutions to 

— ('a )xxx “t“ {u )x- 

Our results can be used to accomplish two goals. The first is assessing the 
solvability of the boundary value problem Lu = / where u = g on the boundary. To 
that end, we analyze the Fredholm properties of L. Our second goal is establishing 
well-posedness (or ill-posedness) of the Cauchy problem ut — Lu, where u = g 
when t = 0. For this goal, we present results on the spectrum of L. 

The operators studied here are linear differential operators on elliptic or 

otherwise, that have coefficient functions on the leading order derivative term that 
vanish on dft. For the matrix valued function $ : —>■ we only require that 

at least one eigenvalue vanishes on dfl. The operators shown in o and m are 
examples of operators that can be analyzed using the results presented here. 


2. The main results 


2.1. Preliminaries. Throughout this article we make the following assumptions: 

• The domain il C is open and bounded and 911 is Lipshitz continuous. 

• The function : 11 —> K is such that (p G ^^(12) for some positive integer 
fc, > 0 on H C K'^, and ker p = 9H. 

• The ambient function space for the differential operator L is L'p{LI) where 
1 < p < oo. 

We say the scalar valued function p is simply vanishing on 912 if for each y G 9H 
there exists an a 7 ^ 0 such that 


( 4 ) 


lim 

x^y 


‘fix) 

dist(x, 911) 


= a. 


where the limit is taken in H. For the matrix valued function $ : 11 —>• 
we make restrictions on its eigenfunctions, defined as the functions pi such that 
<i)(a;)u = pi{x)v for some v G We say the matrix valued function $ : 12 ^ (pyixd 
is simply vanishing on 911 if $(a;) is positive semi-definite in H and for each fixed 
i, the eigenfunction pi is either strictly positive on H or simply vanishing on 911, 
with at least one i such that pi is simply vanishing on 911. 


2.2. Results. In this section, we summarize the results proved in this article. In 
the following theorem, [aj denotes the integer part of a. 

Theorem 2.1. Let H C &e a bounded open set and let p G ‘^^(12) he simply 
vanishing on 911. Fix m G N and 1 < p < 00 . Assume A: G N is such that 

and that the boundary 911 is If u € LP(LI) and p'^u G IF^+"*’^(r2) then 
u G IF''’^(11), where k := fc — m[|J, 
and there exists a c > 0 , independent of u, such that 

< c\\p"^u\\’iYk+m,p(^Qy 

The above result is proven in section lbJl as Theorem l5.71 with the estimate proven 
in Remark 15.81 The following theorem is proven in section 16.11 as Theorem 16.61 
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Theorem 2.2. Let SI C be an open and bounded set with boundary. Let 
(p G be simply vanishing on dfl. If A is Fredholm on L^lLl) with domain 

W^’P{Ll) for some k > 0, then m>l, is not closed on its natural domain, 

= {uGLP -.uG D(A), p'^Au G LP{n)} = D(A), 

but p^A is closable. 

The above theorem tells us that even simple operators do not have the desirable 
property of being closed on their ‘natural domain’. For example, the operator 
Lu = sin(7rx)ua;a; is not closed on VF^’P(0, 1) for any p G (l,cx)) by Theorem 12.21 
We can use Theorem IQ to get an estimate on the properties of the domain, as 
demonstrated in the following example. 

Example 2.3. Let 12 = (0,1) and consider the operator L acting on L^iyi) defined 
by Lu = pUxxx where p is simply vanishing. The operator L is of the form pA where 
A is Fredholm. By Theorem 12.21 L is not closed on its natural domain, 
but is closable. Let L denote the closure of L, and let : LP{LI) -g W^~^’P{LI) 
denote the multiplication operator u i-A p^^'>u where the function p^^'> denotes the 
fc-th derivative of the function p, and as an abuse of notation we set p = p^^\ 
After rewriting L as 

Lu = {pu)xxx - 'i{,p'^^^u)xx + ?>{(p'^‘^'^u)x - p^^^u, 

we see that 

D(Z) = d(aV) n n D(A(p(2)) n 

where A is the derivative operator on LP{LI). Specifically, \i p G '^^( 12 ) is simply 
vanishing, then the fact that D(A^) = W^’P{Vt) implies D(A^(p) C W^'P{LI) by 
Theorem l2.ll By the same theorem, we have lF^’^(f2) C for fc = 0,1, 2 

so the best we can do is D(L) C W^’P{LI). More concretely, if we set p{x) = sin(7rx) 
and fix p = 2, then one can construct functions u G D(L) such that u ^ 
but u G lF^’^(r2). See 0 §3.1]. 

The following theorem speaks about the range of the multiplication operator. It 
is proved in section 15.21 as Theorem 15.91 

Theorem 2.4. Let 12 C be open and bounded with boundary and assume 
the function p G '^^(12) is simply vanishing on 912. Then the range of the operator 
u 1 -^ p'^u is closed in VF^’^(12) whenever k > m and is not closed when k < m. 

If we know the range of the multiplication operator u i—>■ p^u is closed in 1F^’^’(12) 
then we necessarily have 

||■u||LP(n) < c||(/3"’'u||vyfc,p(f2) 

for some constant c > 0. 

The matrix valued analogs of Theorems 12.11 and 12.41 are proved in section 15.31 
One implication is illustrated in the following example. 

Example 2.5. Let 12 C R'^ be open and bounded with boundary. Let $ G 
(12; R'^^'^) be simply vanishing on 912. Then by the matrix analog of Theorem l2.41 
(which is Theorem 15. Ill) we know that the range of m G N, is closed in 

:= X • • • X 1T1’2(12), 

'-V-' 

d copies 
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if and only if m = 1. This implies is semi-Fredholm if 

and only if m = 1. Now, it is well known that the weak gradient V : C 

L^(r2) ^ and its adjoint, div(-) : —?> L^p), are semi-Fredholm. 

Thus, the non-uniformly elliptic operator, 

(5) Lu = divp’^Vu), 

is semi-Fredholm on L^p) if and only if to = 1. 

Theorem 2.6. Let fl C be open and bounded with boundary, m,k € N 
with 0 < m < k, and let A be densely defined on L^p). Assume the following: 

• The operator A is closed on L^p) and D(A) C W^’^p). 

• There exists a u € D(A) such that u ^ W^'^p) fl W'^’^p). 

• The resolvent set p{A) is non-empty. 

If ‘P & '^^P) is simply vanishing then 

aessiAifP = aessp'^A*) = C. 

Moreover, if either Ap'^ or ip'^A* is Fredholm then 

app'^A*) = C. 

In the above theorem, crp(T) and aessp) denote the point spectrum and essential 
spectrum of L respectively. The definition of the essential spectrum is given in 
section 16.21 and the result is proven as Theorem 16.141 Its import is demonstrated 
in the following example. 

Example 2.7. This example continues from Example 12.31 where 11 = (0,1), and 
L = puxxx- For any u € IF^’^(n), there exists a,b € M. such that u -I- aa; -I- 6 G 
Wq’^P), which implies 

W^’Pp) = IT3’P(I1) nlTo’^(Il) ©span{l,x}. 

Now consider the multiplication operator p : L^p) —>■ W^'Pp) given by u i-)- 
pu where p is simply vanishing on dQ. Then we know that the range of p is 
lT^’P(H)n Wg^’^(H), which has co-dimension 2 in IF^’?’(H). Thus, if we let A denote 
three applications of the weak derivative operator on L^p), then we know that 
p{A) is nonempty, and D(>1) = IF^’P(H) CC L^p) by the Rellich-Kondrachov 
Theorem. Then we see that Ap has finite dimensional nullspace and the range 
has finite co-dimension. This shows Ap is Fredholm. Applying Theorem 12.61 yields 
(Tp(L) = (TppA) = C. 

More concretely, we have (Tp(sin(7ra:)uxa;x) = C. The same holds if we set pp) = 
sin^(7ra:), but not necessarily when we set p{x) = sin™(7ra;) where to G N and 
TO > 3. 

2.3. Outline of the article. The article is structured as follows: 

• Section [3] introduces the notation and basic definitions that are used in this 
article. 

• Section |4] goes over some basic properties of closed and Fredholm operators. 

• Section [5] covers the properties of the operators u pu and u <I>u. The 
domain and range of the operator u i— pu is covered in sections 15.11 and 
15.21 respectively. Matrix valued operators are handled in section 15.31 
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• We study various properties of differential operators composed with van¬ 
ishing operators in section | 6 l In particular, we focus on the Fredholm 
properties and spectra of the operators Aip and (fA where A is a Fredholm 
differential operator. 

3. Notation and definitions 

We will review some of the basic definitions and introduce the notation used in 
this article. We will use capital letters, such as IF, X, F, or Z, to denote a Banach 
space. We use ®(F, Y) to denote the set of bounded linear operators from X to F, 
and C(X, F) to denote the set of closed and densely defined linear operators from X 
to F. The sets 'B(X) and C(X) denote the sets 'B(X,X) and G{X,X) respectively. 

The domain and range of a linear operator A will be denoted by D(p 1) and R(A) 
respectively, and we use N(A) to denote the nullspace of A. If A € G{X,Y), then 
D(A) equipped with the graph norm, 

l|a:||D(A) := ||a;||A: + ||^a:||v, x G D(A), 

is a Banach space, and we call || • ||d(a) A-norm. When referring to the com¬ 
position of two linear operators A and B, the subspace 

D{AB) = {xG B{B) : Bx G D(A) }, 
is called the natural domain of AB. 

If A is a linear operator from X to F, any closed operator Ai where D(A) C 
D(Ai) and A = Ai on D(A) is called a closed extension of A. We call A closable if 
there exists a closed extension of A. We denote A as the closure of A, and it is the 
‘smallest’ closed extension, in the sense that D(A) C D(Ai) for any operator Ai that 
is a closed extension of A. An operator is closable if every sequence {x„} C D(A) 
where ^ 0 in A and Axn -G y in Y implies y = 0. 

A Banach space F is said to be continuously embedded in another Banach space 
X if there exists an operator P G 'B(Y,X) that is one-to-one. The space F is said to 
be compactly embedded in A if P is also compact and we write F CC A whenever 
F is compactly embedded in A. For Sobolev spaces, we take P to be the inclusion 
operator, which we denote as 6 . 

Most of the analysis takes place in U'{Gl) and the Sobolev spaces IF*’’^(r2), where 
fc e N, II C is an open and bounded set, and, unless stated otherwise, 1 < p < oo. 
The closure of a set 17 C K'^ will be denoted by Cl and the boundary of fl will be 
denoted by dVl. The space ‘^^(17) denotes the space of all functions from 17 to R 
that are fc-times continuous differentiable everywhere in 17, and ‘^o^(I7) C ‘^*’(17) 
denotes the subspace of those functions with compact support in 17. The space 
IFq’^(I 7) denotes the closure of '^g°°(I7) in IF^’^(I7). If u is weakly differentiable, 
we let D°‘u denote the a-th weak derivative of u, where a = (ai,..., ad) G is 
a multi-index, and we let |a| = ai + • • • + denote the order of a. We use 
to denote the vector of all weak derivatives of u with order fc, and set Vu = 
to be the gradient of u. 

We say 917 is if for each point y G 917, there exists an r > 0 and a 
function 7 : —>• R such that 

17 n B{y, r) = {x G B{y, r) : Xd > j(xi,Xd-i)}, 
where B{x, r) := {y e R'’* : |x — ?/| < r}, and is a Holder space. 
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Definition 3.1. Let fi C be a bounded and open set. For any tp G we 

will call the multiplication operator u >—>■ pu vanishing if ker p = dVl. As an abuse 
of notation, we will use p to refer to the multiplication operator u i-A pu. 


Definition 3.2. Let C be a bounded and open set. Take dist(x, dfl) := 
infyg 9 Q |a; — y\ to be the distance from x to the boundary of ft. Let p G We 

say p is simply vanishing on dfl if ker 93 = cifl, and for each y G dfl there exists an 
a ^ 0 such that 


( 6 ) 


‘Pjx) ^ 
dist(x, 9n) 


where the limit is taken within fl. The multiplication operator u 1 —pu is called 
simply vanishing on dQ if the function p is simply vanishing on dQ. 


Definition 3.3. Let 12 C be a bounded and open set. We say the function 
p G ‘^'"(12) is vanishing of order m on dfl if ker (/3 = 912, D°^p = 0 on 912 when 
|a| < m, and 7 ^ 0 on 912. The multiplication operator u 1 —>■ pu is called 

vanishing of order m on 912 if the function p is vanishing of order m on 912. 


Functions that are vanishing of order 1 are simply vanishing functions. To see 
why, take 12 C with boundary and assume p G '^^(12) is simply vanishing. 
Fix any y G 912 and let 12„ = B{y,n~^) n 12. Since 912 is there exists a point 

Xn G such that \xn — y\ = dist(a;„, 912). Given p is simply vanishing, there 
exists an a 7 ^ 0 such that 


‘P(Xn) \p{Xn)-p{y)\ 

a = lim —— -= lim -^^- 

n-)-oo dist(a:n, n^oo \Xn — y\ 


|V(p(2/)|, 


which shows Vp{y) 7 ^ 0. Since y G 912 was arbitrary, we see that Vp 7 I 0 on 912 
whenever 912 is . 

We have a similar definition for matrix-valued functions. Let $ : 12 —>■ be 
Hermitian for each x G Cl. Then there exists a unitary matrix U(a:) and a real 
diagonal matrix D(a;) such that 


(7) 


$ = UDU*, 


by Schur’s decomposition theorem. If $ S '^^(12; we can choose U and D 

in ‘^^(12; so that ([7]) holds. Thus, we lose no generality by assuming the 

operator D has the form D = d\a.g{pi^... ,pd) for some functions pi G 
where i = 1 ,..., d. 


Definition 3.4. Let 12 C be open and bounded, and let 4) G ‘^"*(12; 

We say the function 4> is vanishing of order to if $ is positive semi-definite on 12, 
and the matrix D = diag((/3i,..., pd) in its Schur decomposition has the following 
property: for each z = 1,..., d, either > 0 on 12 or pi is vanishing of order rui on 
912 with TOi < TO, with at least one function pi that is vanishing of order to on 912. 
The multiplication operator u i—^ 4>u is called vanishing of order to if the function 
4> is vanishing of order to. 


3.1. Fredholm and semi-Fredholm operators. We will utilize Fredholm oper¬ 
ator theory when describing the properties of the multiplication operators u 1 —>■ pu 
and u <I>u. In this section, we briefly review the theory of Fredholm operators. 
Let X and Y be Banach spaces. An operator A : X —>■ F is called Fredholm if 
(a) The domain of A is dense in X, 
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(b) The operator A is closed on its domain, 

(c) The nullspace of A is finite dimensional, 

(d) The range of A is closed in Y, 

(e) The co-dimension of the range of A is finite dimensional, 


where the co-dimension of a closed subspace M C Y, denoted co-dim M, is the 
dimension of the quotient space T/M. We use T(X, Y) to denote the set of Fredholm 
operators from X to Y and write T(X) in place of J{X,X). Note that property 


(e) is equivalent to requiring that the nullspace of the adjoint operator A* be finite 


dimensional. The index of a Fredholm operator A is defined as 


ind(A) := dimN(A) — co-dim R(Al). 


The set of semi-Fredholm operators from X to y, denoted T+(X, y), is the set 
of operators that satisfy all the properties of Fredholm opertors except possibly 
property (e) The set of semi-Fredholm operators from X to X will be denoted by 


T+(y). We note that our definition for T+(X, y) is sometimes referred to as the 
set of upper semi-Fredholm operators. 

The following characterization of Fredholm operators is useful. 


Theorem 3.5 f|17j. Theorem 7.1). Let X and Y be Banach spaces. Then A G 
B{X,Y) if and only if there exists closed subspaces Xq C X and Yq C Y where Y^ 
is finite dimensional and Xq has finite co-dimension such that 


x = Xo®x{A), y = R(A)©yo. 


Moreover, there exists operators Aq G 1 i(Y,X), Ki G ‘B(X), and K2 G TifY) where 

• T/ie N(Ao) = yo, 

• The R{Aq) = Xo nD(A), 

• AqA = I — Ki on D( 7 l), 

• AAq = I — K2 on Y, 

• The N(Rri) = Xq, while Ki = I on N(A), 

• The N(Rr2) = R.( 7 l), while K2 = I on Yq. 

Note that Ki and K2 are projection operators and their ranges are finite dimen¬ 
sional. The operator Aq from Theorem 13.51 will be referred to as the pseudo-inverse 
of A, since AAq A = A and AqAAq = Aq. 

An equivalent characterization of semi-Fredholm operators is as follows: if X and 
y are Banach spaces and A G Q{X,Y), then A is not semi-Fredholm if and only if 
there exists a bounded sequence [xk] C D(A) having no convergent subsequence 
such that {Axk} converges. A proof of this equivalence can be found in [16] or 

m p-177]. 

Remark 3.6. Suppose C is open and bounded, G is simply vanishing 

on dfl and ( G is vanishing of order m on dfl. Then the multiplication 

operator u i-A- is semi-Fredholm from LP{LI) to if and only if the 

mapping u 1 —Cu is semi-Fredholm. Moreover, D((p"*) = D(C). To see why, use the 
fact that the multiplication operators u M- and u i-A are one-to- 

one and onto L‘p{VL) and that the composition of a semi-Fredholm operator with a 
Fredholm operator is semi-Fredholm. 
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4. Basic properties of closed operators 

Fredholm operators are closed under composition. That is, if X, Y, and Z are 
Banach spaces, then A € 3^(X,Y) and B G 3^(Y, Z) implies BA G 3^(X,Z) with 
ind(i3Al) = ind(i?) + ind(Al). Moreover, if B G G(Y, Z) and BA G 3^(X, Z) then we 
necessarily have B G ff(Y, Z). These claims are proved, respectively, in [13 p. 157] 
as Theorem 7.3, and [13 P- 162] as Theorem 7.12. As for semi-Fredholm operators, 
we have the following. 

Lemma 4.1 ( [16]. Lemma 4). Let X,Y, and Z be Banach spaces and let A G 
T(A,y), and B gG{Y,Z). If BA G tJ+{X, Z), then B G J+{Y, Z) . 

One of the theorems that we use throughout this article is the following conse¬ 
quence of the Closed Graph Theorem. A proof of the Closed Graph Theorem can 
be found in many functional analysis textbooks, such as [13 p. 62] or [13 p. 166]. 

Lemma 4.2. Let X be a Banach space and Y G X. If there exists a norm that 
converts Y into a Banach space then there exists o c > 0 such that Uj/IJx < c||y||F 
for ally gY. If Y = X then their norms are equivalent. 

Proof. Let o denote the inclusion map from Y to X. It is a closed operator with 
domain equal to Y, so by the Glosed Graph Theorem it is bounded. IfY — X then 
apply the above argument to the inclusion map from X to Y. □ 

The above lemma is useful for showing that special subsets of 1^(11) have certain 
properties — such as compactness — since they can inherit such properties from 
other Sobolev spaces. One of the most important consequences of compactness is 
the following theorem. 

Theorem 4.3. Let X and Y be Banach spaces. If A G C(X,Y) with D(A) CC X, 
thenAGJ+{X,Y). 

Proof. We prove this by contradiction. Suppose A is not semi-Fredholm. Since 
A G G{X,Y), this implies there exists a bounded sequence {xn} C D(A) having 
no convergent subsequence, such that {Axn} is convergent in Y. But if {xn} is 
bounded in X and {Axn} is convergent in F, then {xn} is a bounded sequence 
in the A-norm. Since D(A) CC X there exists a subsequence of {Xn} that is 
convergent in X, the desired contradiction. □ 

Remark 4.4. We know an operator A G C(X,Y) has closed range if and only if 
there exists a c > 0 such that 

inf jja: — z\\x < clJAiJIv, for all x G D(A). 

zeN(A) 

Theorem 14.31 can be used to quickly establish estimates involving differential oper¬ 
ators. We can, for example, establish Poincare inequalities. 

It is also well known that CC LP(LI) for any bounded and open set 

n C Since the weak gradient operator V is closed on we get R(V) is 

closed by Theorem 14.31 This implies the existence of a c > 0 such that 

l|w|lLp(n) = inf ^ ||u - allLP(n) < cllVu|lLP(n), 

aeN(V) 


for any u G WQ^’^(r2). 
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5. Properties of vanishing operators 

5.1. The domain of a vanishing operator. In this section we establish proper¬ 
ties of the domain of the vanishing operator tp : LP{n) —5> In particular, 

we will establish the embedding of the domain of p in various Sobolev spaces. 

li p & then the mapping u i—>■ pu is bounded from L^’(n) to LP{Vt). 

This implies that a natural choice for its domain is Whenever a vanishing 

operator p is composed with a differential operator A to form Ap — A being an 
operator that is closed on — it makes sense to think of as a densely 

dehned operator that maps some subset of LP{yi) to the space W^'P{VI). 

This and subsequent sections rely heavily on Hardy’s inequality, so we include 
the statement for the reader’s convenience. 

Theorem 5.1 ([2T], Hardy’s Inequality). Let H C &e a bounded open set with 
boundary, and S{x) = inf^gao \x — y\. Then, for all u € 

where c > 0 depends on LI, p, d, and m. 

See [ails] for recent developments on the assumptions necessary for Hardy’s 
inequality. The interested reader should consult [TTl §2.7] for a treatment of optimal 
constants for Hardy’s inequality. 

We begin with basic properties of the domain and range of the multiplication 
operator u M- p^u. 

Lemma 5.2. Let Ll C be open and bounded and p £ be simply vanishing 

on dLt. For each k, m £ Z_|_, the multiplieation operator p^ : LP{Li) —>■ W^’P{Li) 
defined as u ^ p'^u is elosed on 

D((^™) = {w £ LP{Ll) : p"^u £ W'^’P{n)}. 

Moreover, if p G and m <k then = W^'P{Vl) fl 

Proof. The proof is broken into two claims. 

Claim 1: The multiplication operator u i—>■ p'^u is closed on T){p'^). 

We first show it is closable. Suppose ^ 0 in LP{Q) and p^Un y in W^’P{LI). 
Then we know that p^Un y in LP{Q). But since p is bounded and ^ 0 in 
LP{Ll) we can conclude p^Un —)■ 0 = y in LP{L1). This shows the multiplication 
operator p'^ is closable on its domain. But any closed extension cannot be defined 
on a set larger than D((^'"), implying the domain of any closed extension must be 
D ((/?"*). This completes the proof of the claim. 

Claim 2: \i p G and m <k then = W^'P{LI) n 

Take v G W^'P{Ll)G]Wff^’^{Lt). Since v G we can apply Hardy’s inequal¬ 

ity fTheorem l5.ip to show that p~'^v G LP(fl). Since this implies p~’^v G F){p^) 
we have W'^'P{Lt) n c R((p'"). 

For the other direction, first note that since p^ G fl there 

exists a sequence {4>n} C such that (jm —>■ V’"* in and {!?“(/>„} is 

uniformly bounded when |q;| < nE- Let u G D((p"^) be arbitrary, and set Vn = (j>n — 


^One such example are the functions (pn = *Vl/ 3 n^ where is an indicator function 

for the set Qn = {fc € : dist(fc,dQ) > 1/n} and rje is a mollifier. 
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93 ™. Since D°‘{(j)nu) is bounded by cD°‘{(pu) for some constant c and —>■ 

0 almost everywhere when |q!| < m we have 

lim \\D°‘{(l)nu) - = lim ||-D“(iinw)||LP(n) = 0 , 

n—^oo n—¥oo 

when |a| < to by dominated convergence. Noting that (j)nU G shows 

ip'^u G W^’^(f2) and completes the proof. □ 

The following lemma establishes the relative compactness of in L^’(n) 

when maps to IT^’P(n) for k > m. It uses the relative compactness of lT'"“''^’^(n) 
in lT™’P(fl). This is implied by the Rellich-Kondrachov Theorem, which establishes 
that for 1 < p < 00 , IT^’^(n) is compactly embedded in U’{^) whenever 17 is a 
bounded domain with Lipshitz continuous boundary. See [U p. 168] Thoerem 6.3 
for the full statement and proof of the Rellich-Kondrachov Theorem. 

Lemma 5.3. Let 12 C he open and bounded with boundary and let (p G 
‘^^(12) be simply vanishing on 512. If 

D(p™) = {uG LP{n) : e lT™+i’P(12)} 

then D(p™) CC LP(12). 

Proof. Since 12 is bounded and 512 is can use the Rellich-Kondrachov 

Theorem to establish 1T'"+^’P(12) CC 1T'"’P(12). Suppose {u„} C D((p"*) is such 
that ||Mn||D(v 3 ™) < 1 for each n. Then Wip^UnWw^+^’Pip.) — ^ fo^ each n, so there 
exists a subsequence that is convergent in 1T™’^(12). After relabeling the convergent 
subsequence, we take this to be the entire sequence. Applying Hardy’s inequality 
fTheorem 15.1|) yields 

lim \\un-Uk\\Lp(Q) < lim c||(p™u„ - = 0, 

n,k—¥oo n,fc—^■oo 

completing the proof. □ 

Next we establish the embedding of D((p) in various Sobolev spaces. To do so, 
we will use the fact that when 12 C is open and bounded with boundary, the 
map 

U u\dn 

from '^^( 12 ) to '^*(512) can be extended to a continuous surjective linear map from 
1T^’P(12) to where 1 < p < 00 (see jS] p. 158] Theorem 3.79). 

We would like to highlight the fact that the trace map T on 1T^’P(12) is defined 
on a Banach space and has range that is onto the Banach space 1K^“^/P’P(512). As 
for the nullspace of T, a classical result states that when 512 is Tm = 0 if and 
only if M G tTg^’^(12); (see [U p. 259] Theorem 2, or [S] p. 138] Corollary 3.46). 

Let 12 be an open and bounded set with boundary and let T denote the 
continuous trace operator from 1T^’P(12) onto 1T^“^/^’^’(512). We will need a trace¬ 
like operator that is one-to-one. To define this new operator, first set Wo := 
Wq^’^(12) n W^’P(12) = N(T). Clearly Wq is a closed subspace of W*’^’(12). Next let 
denote the quotient space W*’’^(12)/Wo and define the operator T from to 
W'=-foP’P(512) as 

t[u]=Tu, [u]gW'^. 
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The operator T is well-defined, linear, and one-to-one. To see that T is closed, take 
{[u„]} C such that [m„] —>• [m] and T[u„] y asn ^ oo. Then ||[u„] —[u]||^fc —>• 
0 implies the existence of a sequence {i;„} C Wq such that 

Un — Vn^u, in TT^’^(r2). 


Since T[u„] —>■ y, we know that Tun = T(un — Vn) y as n ^ oo. By the 
boundedness of T we get Tu = y. This implies T[u\ = y and proves that T is 
closed. Applying the Closed Graph Theorem shows that T is bounded. Moreover, 
the fact that T is surjective implies that T is surjective as well. This tells us that 
T~^ exists and is a bounded linear operator from onto , by the 

Bounded Inverse Theorem. 

We also need the following general Sobolev space theorem. We use [aj to denote 
the integer part of a. 


Theorem 5.4 ([1] p. 85, Sobolev Imbedding). Let ft C be open and bounded 
with a boundary. Assume u € and that kp > d. Set 


K = k — 


l\ 


-1, 


7 = 


W)- 


if ^ 

p 


'N 


any number in (0,1), otherwise. 
Then there exists a function u* such that u* = u a.e. and u* S 


We can now establish the following lemma. 

Lemma 5.5. Let LI C be a bounded open set and let ip G he simply 

vanishing on dfl. Assume k G N with kp > d and that the boundary dLl is 
Then for every u G LP{LI) where ipu G we have 

ipD^^u G Wq'^{LI) n IT^’P(n), for any a with |a| = 1. 


Proof. The proof is divided into two claims. 

Claim 1: If |a| = 1 then D°‘{ipu) = uD°‘ip on dLl. 

Since kp > d and ipu G we know there exists a 7 G (0,1) dependent 

on d and p such that 

ipu G 


by Theorem 15.41 This shows ipu G '^^(17). Also, since u = ip~^ipu whenever ip 
the fact that ip G '^^(17) and is nonzero in 17 implies u G '^^(17). 

Now, since (p is simply vanishing on 917, we know that for any y G 917, 


lim 

x^y 


\x - y\ 

|(^(a;)| 


\x-y\ 

X™ \p{x) - p{y)\ 


|V</5(y)| \ 


where the limit is taken in 17. Note that Vtp ^ 0 on 917, so that this is well defined. 
Next, given ipu G W^’P(I7) and u G LP(LI), we know ipu G Wq^’*’(I 7) by Lemma [5.21 
We already know ipu is continuous on f7, which implies ipu = 0 on 9f7. Thus, for 
any y G 917 we can take any sequence in 17 that converges to y and obtain 


( 8 ) 


lim |u(a;)| = lim 

x—¥y x—¥y 


\ip{x)u{x) -ip{y)u{y)\ \x - y\ 
\x-y\ W{.x)\ 


\V{ipu){y)\\Vip{y)\ \ 


By Leibniz’s rule, D°‘{ipu) = uD°‘ip+ipD°‘u when |a| = I, so the above limit implies 
D°‘{ipu) = uD^ip on 9f7. 
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Claim 2: The function ipD'^u is in W(}’^(n) fl whenever |a| = 1. 

Set Wq := Wo^’^(fl) fl and := lT^’P(n)/Wo. By assumption, 

ipu € so D°‘{(pu) € W^'P(fl) whenever |a;| = 1. This implies the coset 

[D“((/3u)] is in and that its trace T[D“((^u)] is in By claim 1, 

uD°‘(p = D°‘{ipu) on 

which shows that uD°‘ip\gQ £ and that T~^{uD°'ip\gQ) £ IT^. The 

one-to-one nature of T~^ implies [D°‘{^pu)\ = [uD°^ip\. Since these cosets are equal, 
there exists a function v G ITo such that 

uD°‘ip = D°'{ipu) — V. 

But again, D°^{ipu) = uD^^ip + ipD°^u, so it must be the case that v = ipD°^u. We 
then conclude that ipD°‘u £ Wq = Wg^’^(O) fl completing the proof. □ 

Theorem 5.6. Let fl C he a bounded open set and let ip £ be simply 

vanishing on d^l. Assume k £ N with kp > d and that dfl is Then u £ 
and ipu £ implies u £ W'^’P{LI) where k := k — . 

Proof. Fix the multi-index a with |a| < k. Choose a hnite sequence of multi-indices 
{oin}n<\a\ each with |a„| = 1 such that = a. By assumption, kp > d so we 

may apply Lemma 15.51 to u to obtain 

(9) £ Wo’P{Ll) n 

Applying Hardy’s inequality to ipD°^^u yields 

( 10 ) D°^^u£LP{n). 

Moreover, given |a| < k = fc — , we know that 

(11) fc + 1 - |ai| > + 1 - |a| > 1 + 

Since ®, dini), and (HU all hold, we may apply Lemma 15.51 to D°‘^u to obtain 
g lFg^’*’(r2) n Another application of Hardy’s inequality 

shows £ LP(Q). We continue inductively applying Lemma lSTSl and Hardy’s 

inequality at each step to finally show that 

<pL>^u £ Wo’^(fl) n W'=+i-l“l’P(H), and G LP(H). 

Since this applies to any multi-index a with |q;| < k, we see that u £ W'^’P(^}), 
completing the proof. □ 

Iteratively applying the above theorem yields the following. 

Theorem 5.7. Let fl C be a bounded open set and let ip £ ‘^^(H) be simply 
vanishing on dfl. Fix to G N and 1 < p < oo. Assume A: G N is such that 

(12) A:>^ + (to-1)[^J, 

and that dfl is If u £ LP{fl) and ip'^u £ W^~'~"^’P(fl) then 

(13) M G IF'^’^(f2), where K'.= k — m\^\. 
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Proof. For convenience, we define the variables ki, , Km as follows 
K---k + m- j - j[^\, j = l,...,m. 

We know G G and k + m — 1 > p~^d. By Theo- 

rem l5.6l this implies ip'^~^u G If m > 1, we see that ki — 1 > p~^d, and 

we have G LP(fl) and G W'^^''p{Vl). Thus we get G 

by the same theorem. Continuing inductively, we apply Theorem 15.61 at each step 
to get G for m > j. When j = m — 1 we have u G L'p{Vl) and 

ipu G Since 

Km-I - 1 = A: - (to - 1) > ^, 

we may apply Theorem 15.61 one more time to get u G as desired. □ 

Remark 5.8. There is an implicit estimate accompanying Theorem 15.71 Assume 
(p G and consider the multiplication operator : RPiPL) 

where k satisfies m- Theorem 15.71 tells us that u G D{ip"^) implies u G 
where k is given by (1131) . Thus, D((/5™) C lT''’^(n). By the closedness of (/j™, 
D((^'") is a Banach space with the operator norm. We can conclude that, for some 
constants co,ci > 0 and for all u G 

(14) ||M||w'''P(a) < co||u||d(vp™) = co||M||Lp(n) + co||(p™u||ivfc+m,p(Q) 

(15) < Ci||(/?'"w||wfc+m,p(n), 

where o follows from Lemma 14.21 applied to the Banach spaces D((p'") and 
lT”’P(fl) and (ITS)) from Hardy’s inequality. 

5.2. The range of a vanishing operator. Having a closed range is a very useful 
property for linear operators. As we will see in section [6.21 it is often necessary for 
establishing basic properties of the spectrum. Showing the multiplication operator 
u i-A ipu has closed range requires keeping track of the multiplicity of the roots of 
the function ip. This is formally established in the following result. 

Theorem 5.9. Let H C be open and bounded with ‘^*^4 boundary and assume 
the funetion p G '^^(H) is simply vanishing on dLl. Then the range of the operator 
u i-A p'^u is closed in W^’P{LI) whenever k > m and is not closed when k < m. 

Proof. As usual, we treat p as an operator from some dense subset of L^(H) to 
W^'P{n). We start with the following. 

Claim 1: If A: > to then the range of p"^ is closed in IT^’^(H). 

If A: = TO then R((/3"*) = W^'^{Ll) as discussed in Lemma 15.21 which clearly 
establishes the closedness of R((/?"*) in IT"’'’^(H). If A: > to then we may apply 
Lemma [5.31 to show D((/j'") CC LP{LI). Invoking Theorem 14.31 proves p'^ is semi- 
Fredholm, which implies R((/3"*) is closed in VF^’^(il). 

Claim 2: If A: < to then the range of p'^ is not closed in W^’P{LI). 

We prove this claim by contradiction. Suppose p'^ has closed range in W^’P{LI). 
This implies p'^ is semi-Fredholm from LP{LI) to W^’P{LI). Since p^ is Fredholm 
from LP{Lt) to and since p^ = p'^~^p^ is semi-Fredholm from L^{Lt) to 

VF^’P(H), Lemma [4.11 implies p'^~^ is semi-Fredholm from Wq’^{Vl) to kF^’P(H). 
Now, for any function u G we know that v = p^-^u G <=(11), so p^-’^v G 
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implying tp™ ^ is onto the subspace This implies 

C R(v5™-'=). 

Since is closed, we know that lTQ’^(r2) is a subspace of R((/3"^“^). But 

we also know that p G lTQ’^(r2), so there exists a function u G W^’^P) such 
that Lp^~^v = p, which implies v = But j^g W^’^p) as 

Hardy’s inequality would then show 

< c\\p^-p\w^.nn) < oo. 

This is our desired contradiction. □ 

Example 5.10 (The Legendre differential equation). Set H = (—1,1). Let us 
analyze the operator L given by 

Lu{x) = — {1 — x^)-^u{x) , 
ax \_ aa; J 

acting on L^p), where as usual we assume 1 < p < oo. Let A denote the derivative 
operator on L^p) and ip{x) = (1 —a:^). The domain of A is IT^’^(H), the nullspace 
of A is span{l}, and the range of A is equal to L^p). Since p is simply vanishing on 
917, we know the range of the multiplication operator u i-A (pu is equal to Wg ’^(17) 
by Lemma [5.21 

If u G IT^’^(17), then u G '^°’^/^(f7) by Sobolev Imbedding [Theorem 15.41) . Thus, 
we can find a unique line l{x) such that u + [ = 0 on 917, implying u + l G Wq^’^( 17). 
Since u G IE^’^(17) was arbitrary, this implies 

W^'Pp) = ITo’P(17) ©span{I,a;}. 

If we take A to be the restriction of the derivative operator to Wg^’^(17), then 
dimN(H) = 0 and co-dimR(H) = I. Since A, A, and tp : LP(17) ^ ITg^’^(17) are all 
Fredholm we know that L = ApA is Fredholm, with 

ind(L) = \nA{ApA) = ind(H) + ind((p) + ind(H) = —1 + 0 + 1 = 0, 

and N(L) = span{l}. 

In terms of the domain of L, we automatically get D(L) C D(H) = W^'Ppl). The 
interesting thing to note is that L cannot be semi-Fredholm if D(L) C IT^’P(17). To 
see this, first note that A maps W^'Pp) onto IF^’^(17) and that the range of p : 
IT^’*’(17) —>• Wq^’^(17) is not closed. Since this implies that pA : IT^’*’(17) ^ Wg^’^(17) 
cannot be semi-Fredholm, we know that L = ApA cannot be semi-Fredholm. 

5.3. Matrix-valued functions. One of our goals is to aid in the analysis of 
(16) Lu = divpVu), 

when the matrix-valued function $ : 17 —>■ is positive semi-definite for each 

a; G 17. With that end in mind, this section focuses on the multiplication operator 
u i-A- $u where $ G ^^(17; and u(x) G C"’* for almost every a; G 17. As we 

will see shortly, the properties that were established for the multiplication operator 
u i-A pu apply for the multiplication operator u i-A- $u as well. 

In order for the operator L defined in (1161) to be uniformly elliptic, the matrix 
$ : 17 —>■ must be uniformly positive definite. This section, like the ones before 
it, focus on the violation of this positivity assumption. Specifically, we assume $ 
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is vanishing of order m (recall Definition 13.41) . Another way to express this is as 
follows: for each fixed V CC D we have 

(17) inf inf v ■ ^{x)v > cv\v\^ 

x^V 

where cy > 0 is the smallest eigenvalue of <l>(a;) for x & V. Moreover, the speed at 
which Cy goes to zero is proportional to o'" where a = infyggy dist(?/, dO). 

We take LP(r2‘^) to be the space of all measurable functions u = (m,... ,Ud) 
such that Ui € for i = 1,..., d. The norm of is taken to be 

d 

l|u||LP(nd) := ^ ||Mi|Up(n). 

In other words, 

LP(fi^) = LP{n) X X LP{n). 

" -V-" 

d copies 

The space is defined as the subset of u = {m,... ,Ud) S LP(D'^) where 

Ui G W^’'P{Vt) for each i = 1,... ,d. We assume $ : —>■ for some 

k e Z+. 

Theorem 5.11. Let LI C be open and bounded with boundary and assume 
$ e is vanishing of order m. Then the range of the operator u $u 

is closed in W^’P{LI‘^) whenever k > m and is not closed when k < m. 

Proof. We know there exists U e and D such that 

$ = UDU*, where D = diag(i^i,..., tpd) and (fi G '^^(12) for each i = 1,..., d. 
Since U is one-to-one and onto LP{L1‘^), it suffices to prove the claim for the operator 
D. Now, by our definition of W*’^(r2'^), it must be the case that R(D) is closed in 
W^’P[Ll‘^) if and only if the multiplication operators u i-A (piU have closed range in 
W^’P{Ll) for each i = 1,..., d. With this in mind, we simply apply Theorem l5.9l for 
each diagonal function ipi, yielding the desired conclusion. □ 

Theorem 5.12. Let LI C be a bounded open set and let $ G '^^(D; be 

vanishing of order m. Assume fc G N is such that 

k>i + {rn-l)[ll 

and that the boundary dLl is If u G LP{LV^) and $u G then 

(18) uGW^’Py), where K:=k-m[^\, 
and there exists a c > 0, independent of u, such that 

(19) ||u||y/.o,p(Qd) < c||$u||iyfc+™.P(nd)- 

Proof We know there exists U G ‘^'=(12; and D_ G ‘^'=(12; such that 

= UDU*, where D = diag(:/5i,..., ipd) and pi G "^^{Ll) for each 2 = 1,..., d. As 
in the above theorem, it suffices to prove the claim for the operator D. 

Given u = {ui,...,Ud) G PP^) and Du G W’^+'^’P^) then we have m G 
LP{Ll) and pim G W^+"*’P(f2) for each i = 1,... ,d. If > 0 on 12 then m G 
W^^'^'P{Ll), and if pi is vanishing of order j < m we apply Theorem 15.71 to get 

Ui G W^^’PILI), where k, := k — j . 

In either case, Ui G IU'^’^’(12) for each i = I,..., d. The proof of inequality (fTOl) 
mirrors that of Remark 15.81 and is omitted. □ 



16 


DANIEL JORDON 


6. Differential operators composed with vanishing operators 

In this section we examine differential operators that are composed with van¬ 
ishing operators. By ‘differential operator’ we mean any operator that is closed 
on the subspace C fc > 1, and maps to either U’{Vt) or L'P{Vt'^). 

We pay particular attention to linear differential operators that are Fredholm or 
semi-Fredholm. Many of these results use compactness of nested Sobolev spaces. 

6.1. Compactness. One of the salient features of the Sobolev space is its 

compactness relationship with the ambient space Lp{Q). In this section, we explore 
the implications of compactness on the composition of differential operators with 
vanishing functions. 

We start with the following general result for Fredholm operators. 

Theorem 6.1. Let X and Y be Banach spaces. If A G B{X,Y) then D(A) CC X 
if and only if its pseudo-inverse is compact from Y to X. 

Proof. Since A is closed we may equip D(aI) with the A-norm and convert it into 
a Banach space, which we call W. 

Claim 1: li A € T(X, Y) with W CC X then the pseudo-inverse of A is compact 
from Y to X. 

Given that A is Fredholm from X to Y, we know it is also Fredholm from W to 
Y. Let Aq denote the pseudo-inverse ot A : W Y, and let l : W ^ X denote 
the inclusion map from W to X. The assumption that W CC X tells us that t is 
compact, which implies lAq : Y ^ X is compact as well since Aq € HfY, W). If we 
let Aq denote the pseudo-inverse oi A ■. X ^Y then we see that Aq = lAq, so Aq 
is compact. 

Claim 2: It A G B'{X,Y) and the pseudo-inverse of A is compact from Y to X 
then W CC X. 

We are told A is Fredholm, so we know N(y4) is finite dimensional and that there 
exists a closed subspace Xq c X such that X = Xo©N(A). Suppose {xn} C D(A) 
with < c. Then for each n we have the decomposition a;„ = a„-|-fon where 

a„ G Xq and bn G N(A). Since ||a„||D(^) < c for all n, {Aon} is a bounded sequence 
in Y. Given that ^o, the pseudo-inverse of A^ is compact from Y to X, there exists 
a subsequence of {a„} = {AoAan} that is convergent in X. Also, since {bn} is 
bounded and N(A) is finite dimensional, every subsequence of {bn} has a further 
subsequence that is convergent. Thus, we can find a subsequence of {bn} along the 
convergent subsequence of {a„} that is convergent. With this we can conclude that 
{xn} = {an + bn} Contains a convergent subsequence in X. This proves the claim 
and completes the proof of the theorem. □ 

As a consequence of Theorem 16.11 we have the following. 

Theorem 6.2. Let X, Y, and Z be Banach spaces. Suppose A G B{X,Y) where 
D(A) CC X. If B G G{Y, Z) but is not semi-Fredholm then BA is not closed on its 
natural domain. 


Proof. The proof is by contradiction. Assume BA is closed on its natural domain, 
I){BA) = {xG D(A) : Ax G D(B)}. 
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Claim 1: There exists a c > 0 such that ||a;||D(A) < c||x||d(sa) holds for all 
X e T){BA). 

If BA was closed on D{BA) then D{BA) would be a Banach space with the BA- 
norm. Since A is Fredholm it must be closed on its domain D(A), so D(A) is also a 
Banach space with the Al-norm. We know that B){BA) C D(A), so by Lemma |4^ 
there exists a c > 0 such that ||x||d(^) < c||x||d(b^) whenever x G D{BA). 

Claim 2: There exists a sequence that converges in D{BA) but does not converge 
in D(y4). 

Since B is not semi-Fredholm, there exists a bounded sequence {x„} C D(i?) 
such that {Bxn} converges but {x„} has no convergent subsequence. Given that 
A is Fredholm we know A has a pseudo-inverse, which we denote by Aq. We then 
set Un = AqXu and notice that 

Ayn — AAqXji — (/ K^Xnj 

where iF is a projection into some finite dimensional subspace of Y. Since {xn} 
has no convergent subsequence and K projects to a finite dimensional subspace, 
{iFx„} is eventually zero. Thus, {Ayn} has no convergent subsequence and {BAyn} 
converges. Since D(a1) CC X, we know that Aq is compact by Theorem ifi.ll so {yn} 
has a convergent subsequence in X (which, after relabeling, we take to be the entire 
sequence). Using claim 1, we have 

||?/m ~ ?/ra||D(A) — ll?/m ~ ~ ^?/n||y 

< c||ym - 2/n||D(BA) = c.\\ym “ VnWx + c\\BAym “ BAyn\\z- 

We have established that {BAyn} and {?/„} converge in Z and X respectively, so 
{yn} is convergent in D{BA). But we know that {Ayn} does not converge in Y, 
hence {yn} cannot converge in D(A). This is the desired contradiction. □ 

If G is simply vanishing, then by Theorem l5.9l the range of the multipli¬ 

cation operator u i—> ipu is not closed in LP{Q). Thus, cp cannot be semi-Fredholm 
from LP{U) to LP{A). The above theorem then says tp^A is never closed on its 
natural domain for any m > 0. However, we can partially make up for this loss by 
showing that ip‘^A is closable. Before we begin we will need a few more tools from 
classical functional analysis. 

The adjoint operator of A, denoted A*, is a map from the dual Y* to X*, where 

(20) A*y*{x) = y*{Ax), for all x G D(H), 

and some y* gY*. The set of appropriate y* G Y* for which (1201) holds is D(H*). 
The following two results are needed. 

Lemma 6.3 (' [TT] Lemma 131, p. 137). Let X he a normed vector space. Suppose 
that a sequence {x„} C X is bounded, and limU(x„) = l*{x) for each I* gV where 
V is a dense subset of X*. Then the sequence {x„} converges to x weakly. 

Theorem 6.4 ([17], Theorems 7.35 and 7.36, p. 178). Let X, Y, and Z be Banach 
spaces, and assume that A G G(X,Y) where R(7l) is closed in Y with finite co¬ 
dimension. Let B be a densely defined operator from Y to Z. Then (BA)* exists, 
(BA)* = A*B*, and both (BA)* and BA are densely defined. 


With the above lemma and theorem, we can conclude the following. 
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Theorem 6.5. Let X, Y, and Z be Banach spaces. Suppose A G Y) and B 
is a densely defined linear operator from Y to Z. Then BA is closable. 

Proof. Since A is Fredholm, the domains of BA and {BA)* are both dense, by 
Theorem 16.41 Suppose we have a sequence {Xn} C D{BA) where Xn ^ 0 and 
BAxn —>■ z as n —>■ oo. Then for each w* G D((BA)*), 

w*{z) = lim w*{BAxn) = lim {BA)*w*{xn) = 0. 

n—^■oo n—^OQ 

Since D((i?A)*) is dense in X* and BAxn is bounded, this implies that BAxn 0 
weakly as n —>■ oo, by Lemma |6.31 We know that weak limits must coincide with 
strong limits so z = 0. Thus BA is closable. □ 

Theorems 16.21 and 16.51 yield the following result. 

Theorem 6.6. Let O C be an open and bounded set with boundary. Let 
ip € ‘^^{fl) be simply vanishing on dLl. If A : LP{LI) LP{LI) is Fredholm with 
D(yl) C then p'^A, for m > 1, is not closed on its natural domain but is 

closable. 

Proof. Theorem IS. 91 tells us that the range of the multiplication operator u i—>■ p'^u 
is not closed in LP{Lt), so p*^ is not semi-Fredholm from L^(r2) to L^(r2). Since 
LI is bounded with boundary, this implies D(A) C CC LP{LI) by the 

Rellich-Kondrachov Theorem. Theorem 16.21 then tells us that p™A is not closed on 
its natural domain, but by Theorem 16.51 (g™A is closable. □ 

Our next result makes use of the following theorem. 

Theorem 6.7 (dl Theorem 7.22, p. 170). Let X and Y be Banach spaces. If 
A G B'{X,Y) and Y is reflexive, then A* G S'(Y*,X*) and ind{A*) = —ind{A). 

We now have the following: 

Theorem 6.8. Let X and Y be Banach spaces where Y is also reflexive. If A G 
B{X,Y) with D(A) CC X then D(A*) CC T*. 

Proof. By Theorem 16.71 we know that A* G T(y*,X*). Also, if x* G D(A*) then 

(21) A*A*x*{x) = A*x*{Aox) = x*{AAox) = x*{x - K 2 X) = (J - K*)x*{x). 

Thus, from (1^ and Theorems 16.41 and 13.51 we conclude: 

A*A* = (AoA)* = / - K*, A*A* = (AAq)* = / - K*, 

which implies Aq is the pseudo-inverse of A*. Since A G T(X, Y), and D(A) CC X, 
we know that the pseudo-inverse Aq is compact from Y to X by Theorem 16.11 
Given Aq is compact from Y to X, we know Aq is compact from X* to Y*. If we 
then apply Theorem 16. ll to A* we get D(A*) CCY*. □ 

6.2. The Spectrum. Let X be a Banach space and A be a densely defined linear 
operator from X to X. The resolvent set of A, denoted p{A), is the set of all A G C 
such that A — X has a bounded inverse. The complement of p{A) in C is called the 
spectrum of A, and is denoted as (j{A). We let crp(A) denote the point spectrum 
of A: 

crp(A) := {A C C : Ax = Xx for some x G D(A)}. 
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We define the essential spectrum as: 

cress(^) = Pi (t{A + K), 

Kex{x) 

where 3C{X) is the set of all compact operators on X. This set is sometimes referred 
to as Schechter’s essential spectrum. Another useful characterization of the essential 
spectrum is given in the theorem below. 

Theorem 6.9 1 [T7] Theorem 7.27, p. 172). Let X be a Banach space and assume 
A G C(X). Then A ^ aess{A) if and only if A — X G 5’(A) and ind{A — A) = 0. 

We will also need the notion of relatively compact operators. If A G C{X,Y), 
an operator B : X ^ Z is called compact relative to A ii B is compact from the 
Banach space D(A) to Z. The following theorem is a more robust version of the 
Fredholm Alternative since it is stated for any Fredholm operator A (not just the 
identity operator) and the perturbations to A can be any operator that is compact 
relative to A. A proof of this theorem can be found in [ini p. 281] Theorem 1, or 
[T71 p. 162] Theorem 7.10. 

Theorem 6.10 ([10] Theorem 1, p. 281). If A G B{X, Y) and B is compact relative 
to A then A + B G B{X,Y) and ind(A + B) = ind{A). 

Remark 6.11. With the help of Theorems 16.91 and 16.101 we see that the essen¬ 
tial spectrum is invariant under relatively compact perturbations. Given that the 
identity map on X is compact relative to A G C{X) whenever D(A) CC X, we 
know that either cress(A) = 0 or dess (A) = C. This fact makes calculating the 
essential spectrum of differential operators relatively easy whenever we can use the 
Rellich-Kondrachov Theorem. 

Theorem 6.12. Let X be a Banach space, A G C(A), and B G 'B(X) be a one- 
to-one operator where D(A) Il{B). IfD(AB) is dense in X with D{AB) CC X 
and p{A) is nonempty then aess{AB) = C. 

Proof. The proof is by contradiction. Suppose cress(Ail) ^ C. As mentioned in 
Remark 16.111 cress(Ai?) ^ C implies dess (AS) = 0 since D(Ai?) CC X. This 
implies AB G B{X) and ind(Ai?) = 0 by Theorem 16.91 

Since D{AB) CC X, any bounded operator on X is compact relative to AB. 
In particular, B is compact relative to AB. By Theorem l6.101 Fredholm operators 
and their indices are invariant under relatively compact perturbations. Thus, for 
any j] G C we have AB — pB G T(A) and 

ind(Ai?) = ind(Ai? — pB) = 0. 

Now, if ?7 C /9(A) then N(A — rf) = {0} and R(A — rj) = X, implying A — rj maps 
D(A) to X. But since B does not map to all of D(A) we get R((A — rfB) ^ X. In 
other words 

co-dim R(Ai? — pB) > 0. 

Recall that X{B) = {0} by assumption, and N(A — p) = {0} when p G p{A), which 
gives N((A — p)B) = {0}. Thus, 

ind(Ai?) = ind(Ai? — pB) = dimN(Ai? — pB) — co-dim R(AR — pB) < 0, 
which contradicts the fact that ind(AR) = 0. □ 
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The proof of the above theorem yields the following corollary. 

Corollary 6.13. Let X be a Banach space, A G Q{X), and B G ®(^) be a one-to- 
one operator where the range of B is not the entirety ofD{A). If AB is Fredholm 
with F>{AB) CC X and p{A) is nonempty then ind{AB) < 0. 

In some cases, we are concerned with the adjoint operator yf^A* instead Ay/^. 
For example, one might be interested in the spectral properties of the operator 
L given by Lu = —(1 — x^)uxx on 12 = (—1,1). This operator is the adjoint of 
Ay>u = —((1 — x^)u)xx where A is the Laplacian on and y>{x) = (1 — x^). In 

this case, we have the following theorem. 

Theorem 6.14. Let 12 C 6 e open and bounded with boundary, m,k gN 
with m < k, and let A be densely defined on L^{Ll). Assume 

(a) A is closed on L^{Li) and D(A) C 1F*^’P(12). 

(b) There exists a u G D(A) such that u ^ n IT^’^’(12). 

(c) The resolvent set p{A) is non-empty. 

If y> G ‘^^(12) is simply vanishing then 

aessiAif'^) = ae3s(T""A*) = C. 

Moreover, if either Atp'^ or yf^A* is Fredholm then 

ap{(p'^A*) = C. 

Remark 6.15. By Theorem 16.61 yf^A* is never closed on its natural domain when 
A is Fredholm. Thus, we examine its closure since statements about the essential 
spectrum are uninformative for operators that are not closed. 

Proof. As usual, let 95 ™ denote the multiplication operator u 1 —>■ ip'^u from LP{LI) 
to 1T^’P(12). The proof is broken into 4 claims. 

Claim 1: Aip'^ is closed on its natural domain and T){AyM) CC LP(12). 

Given 512 is ^ gee that D(A) c 1F'=’P(12) CC Lp{LL) by the Rellich- 
Kondrachov Theorem. Since A is closed on D(A), A must be semi-Fredholm on 
LP{yi) by Theorem 14.31 With the assumption that m < k, Lemma 15.31 implies 
CC LP{Lt), and applying Theorem 14.31 yields tp'" is semi-Fredholm from 
LP{Ll) to W^'P{Ll). Since both A and y/^ are semi-Fredholm, Ay/^ is closed on its 
natural domain. The fact that 

c CC LP(12) 

completes the proof of the claim. 

Claim 2: u^ssiAyf^) = C 

Applying LemmalOto y}^ shows that = Wff"'^{LL)I^W^’P{LL). This and 

assumption implies yf^ does not map to all of D(A). Given claim I, p{A) is 
non-empty, and the multiplication operator : LP{Q) -g LP( 12 ) is bounded, we 
may apply Theorem 16.121 to prove aess{A(p'^) = C. 

Claim 3: If Atp™ is not Fredholm then aessif'^A*) = C. 

Fix A C C. Claim I implies the identity is compact relative to Ay/^. Since Ay/^ 
is not Fredholm, Ap'^ — A cannot be Fredholm by Theorem 16.101 By Theorem 16.71 
this implies p'^A* — A is not Fredholm. Applying Theorem l6.9l to p'^A* — A shows 
A G cress(<i 3 '"A*). Noting that A G C was arbitrary completes the proof of the claim. 
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Claim 4: If Aip^ or ip'^A* is Fredholm then A*) = ap{ip'^A*) = C. 

Given U'{Vl) is reflexive, is Fredholm if and only if ip'^A* is Fredholm by 

Theorem 16.71 Since p{A) is non-empty and D(A(^™) CC L'P{Vt), Corollary 16.131 
then implies ind(A(^™) < 0. Thus, 

ind((/?'"^*) = -ind(A<p'") > 0. 

Moreover, by Theorem 16.81 and claim 1, we have that 

D(^^) CC LP(fl), 
so for any A C C, we can conclude 
(22) ind((/5'"^* — A) = \nd{ip'^A*) > 0. 

From (|2^ we have dimN(i^™A* — A) >0, which implies A G ap((p'^A*). By 
Theorem 16.91 (1^ also implies A G aessi^^A*). Since A G C was arbitrary, we are 
done. □ 

7. Acknowledgements 

Parts of this paper have grown out of work that I completed in my thesis. I 
would like to thank my thesis advisor. Jay Douglas Wright, for his teachings and 
innumerable insightful discussions. 


References 

[1] Robert A. Adams and John J. F. Fournier, Sobolev spaces, Second, Pure and Applied Math¬ 
ematics (Amsterdam), vol. 140, Elsevier/Academic Press, Amsterdam, 2003. MR2424078 
(2009e:46025) 

[2] C. V. Coffman, M. M. Marcus, and V. J. Mizel, Boundary value problems for nonuniformly 
elliptic equations with measurable coefficients, Ann. Mat. Pura Appl. (4) 110 (1976), 223— 
245. MR0466946 (57 #6819) 

[3] Frangoise Demengel and Gilbert Demengel, Functional spaces for the theory of elliptic partial 
differential equations, Universitext, Springer, London, 2012. Translated from the 2007 French 
original by Reinie Erne. MR2895178 

[4] Lawrence C. Evans, Partial differential equations, Graduate Studies in Mathematics, vol. 19, 
American Mathematical Society, Providence, RI, 1998. MR1625845 (99e:35001) 

[5] Bruno Franchi, Raul Serapioni, and Francesco Serra Cassano, Irregular solutions of linear de¬ 
generate elliptic equations, Potential Anal. 9 (1998), no. 3, 201-216. MR1666899 (99m;35087) 

[6] David Gilbarg and Neil S. Trudinger, Elliptic partial differential equations of second order. 
Springer-Verlag, Berlin-New York, 1977. Grundlehren der Mathematischen Wissenschaften, 
Vol. 224. MR0473443 (57 #13109) 

[7] Piotr Hajlasz, Pointwise Hardy inequalities, Proc. Amer. Math. Soc. 127 (1999), no. 2, 417- 
423. MR1458875 (99c:46028) 

[8] Qing Han and Fanghua Lin, Elliptic partial differential equations. Second, Courant Lecture 
Notes in Mathematics, vol. 1, Courant Institute of Mathematical Sciences, New York; Amer¬ 
ican Mathematical Society, Providence, RI, 2011. MR2777537 (2012c:35077) 

[9] Daniel Jordon, Spectral properties of differential operators with vanishing coefficients, Pro- 
Quest LLC, Ann Arbor, MI, 2013. Thesis (Ph.D.)-Drexel University. MR3187296 

[10] Tosio Kato, Perturbation theory for nullity, deficiency and other quantities of linear opera¬ 
tors, J. Analyse Math. 6 (1958), 261-322. MR0107819 (21 #6541) 

[11] _, Perturbation theory for linear operators, Classics in Mathematics, Springer-Verlag, 

Berlin, 1995. Reprint of the 1980 edition. MR1335452 (96a:47025) 

[12] N. V. Krylov, Lectures on elliptic and parabolic equations in Holder spaces. Graduate Studies 
in Mathematics, vol. 12, American Mathematical Society, Providence, RI, 1996. MR1406091 
(97i:35001) 

[13] Juha Lehrback, Weighted Hardy inequalities beyond Lipschitz domains, Proc. Amer. Math. 
Soc. 142 (2014), no. 5, 1705-1715. MR3168477 
















22 


DANIEL JORDON 


[14] Vladimir Maz’ya, Sobolev spaces with applications to elliptic partial differential equations, 
augmented, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of 
Mathematical Sciences], vol. 342, Springer, Heidelberg, 2011. MR2777530 (2012a;46056) 

[15] M. K. V. Murthy and G. Stampacchia, Boundary value problems for some degenerate-elliptic 
operators, Ann. Mat. Pura Appl. (4) 80 (1968), 1-122. MR0249828 (40 #3069) 

[16] Martin Schechter, Remarks on a previous paper: “On the essential spectrum of an arbitrary 
operator. P’, (J. Math. Anal. Appl. 13 (1966), 205-215), J. Math. Anal. Appl. 54 (1976), 
no. 1, 138-141. MR0435900 (55 #8851) 

[17] _, Principles of functional analysis, Second, Graduate Studies in Mathematics, vol. 36, 

American Mathematical Society, Providence, RI, 2002. MR1861991 (2002j:46001) 

[18] Neil S. Trudinger, On the regularity of generalized solutions of linear, non-uniformly elliptic 
equations. Arch. Rational Mech. Anal. 42 (1971), 50-62. MR0344656 (49 #9395) 

[19] _, Maximum principles for linear, non-uniformly elliptic operators with measurable 

coefficients. Math. Z. 156 (1977), no. 3, 291-301. MR0470460 (57 #10214) 

[20] _, Harnack inequalities for nonuniformly elliptic divergence structure equations, Invent. 

Math. 64 (1981), no. 3, 517-531. MR632988 (82m:35051) 

[21] Andreas Wannebo, Hardy inequalities, Proc. Amer. Math. Soc. 109 (1990), no. 1, 85-95. 
MR1010807 (90h:26025) 

E-mail address: djordoii@uinich.edu 

Transportation Research Institute, University of Michigan, Ann Arbor, MI 48109 



